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Abstract
A new exact and analytic solution of non-relativistic fireball hydrodynamics is presented. It
describes an expanding triaxial ellipsoid that rotates around one of its principal axes. The observables
are calculated using simple analytic formulas. Azimuthal oscillation of the off-diagonal Bertsch-Pratt
radii of Bose-Einstein correlations as well as rapidity dependent directed and third flow measurements
provide means to determine the magnitude of the rotation of the fireball. Observing this rotation
and its dependence on collision energy may lead to new information on the equation of state of the
strongly interacting quark gluon plasma produced in high energy heavy ion collisions.
1 Introduction
The applications of hydrodynamics (both numerical and exact analytic solutions) in the description
of the „soft” particle production in heavy-ion collisions has a good tradition. Here we deal with an
analytic model. (For a recent work on numerical hydrodynamics, see eg. Ref. [1]; the many references
therein provide a good list of recent developments in numerical hydrodynamical modelling). Exact
solutions require some „luck” to find, however, they also have a good line of success: the early days of
high energy physics saw the development of the Landau-Khalatnikov solution [2] and the Hwa-Bjorken
solution [3], both invaluably useful for high energy collision phenomenology. Since then, many physically
realistic solutions have been found, relativistic as well as non-relativistic ones.
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The rotation of the expanding hot and dense matter produced in non-central heavy ion collisions drew
much theoretical attention recently. Many numerical models try to grasp the effects of rotation on the
observables (see eg. Refs. [4, 5]). In this work we present an exact solution of the non-relativistic perfect
fluid hydrodynamical equations that describes the desired rotating expansion of a triaxial ellipsoid-like
fireball, just as one imagines the space-time picture of a non-central heavy-ion collision. We also calculate
the observables using simple analytic formulas and point out those features of them that would reveal
the magnitude of rotation.
We mention some of our works of which this step is a natural continuation: the discovery of acceler-
ating relativistic solutions [6, 7] as well as the first rotating relativistic [8] and non-relativistic [9] exact
solutions. There are also exact solutions available for arbitrary equation of state in the relativistic [10]
domain (even ones containing multipole asymmetries [11]) as well as in the non-relativistic domain [12]
with realistic, ellipsoid-like symmetry. The solution and the calculation of the observables presented
below is thus a next example of usefulness of exact solutions in heavy-ion phenomenology. The current
work is a straightforward, although rather non-trivial generalization of our recent work on the evaluation
of the observables for a spheroidally symmetric, rotating and expanding family of exact solutions of
fireball hydrodynamics [13] for more general expansions with triaxial ellipsoidal symmetry. We refer to
this work also for a more detailed overview and introduction to the status of the field of exact solutions
of fireball hydrodynamics [13].
2 A new rotating solution of hydrodynamics
The equations of non-relativistic hydrodynamics are the Euler equation, the energy conservation equation
and the particle number conservation equation. They are recited here in the form suitable for heavy-ion
physics phenomenology:
nm0 (∂t + v∇)v = −∇p, (1)
(∂t + v∇) ε = − (ε+ p)∇v, (2)
(∂t + v∇)n = −n∇v. (3)
Here n stands for the particle number density (thus nm0 is the mass density), T for temperature, p for
pressure, v for the velocity field, ε for the energy density. The equations above need to be supplemented
with a suitable Equation of State (EoS) which we customarily choose as
ε = κ (T ) p, (4)
p = nT. (5)
In non-central heavy-ion collisions, an almond-shaped region of hot and dense matter forms which has
non-zero angular momentum. The almond shape is approximated with a triaxial ellipsoid, and the
following solution of hydrodynamics takes rotation and expansion into account. Let the x axis point in
the direction of the impact parameter and the z axis in the direction of the colliding beams; thus the x–z
plane is the event plane, and the rotation is around the y axis. We call the lab frame the K frame, to
be distinguished from the K ′ frame, which co-rotates with the principal axes of the expanding ellipsoid.
The solution is described in terms of the time-dependent angle of rotation ϑ (t), and the three principal
axes of the rotated ellipsoid X (t), Y (t), Z (t). The scaling variable, whose level surfaces correspond to
self-similar ellipsoids is1
s (r, t) ≡ r
′2
x
X2
+
r′2y
Y 2
+
r′2z
Z2
, (6)
1In the following, we do not explicitly write up the time dependence of functions which were introduced as
time-dependent ones.
2
r′x = rx cosϑ− rz sinϑ,
r′y = ry,
r′z = rx sinϑ+ rz sinϑ.
(7)
The velocity field is taken to be a linear, rotating Hubble-like one, for which the above s variable is a
proper „scaling variable”, ie. its co-moving derivative vanishes. We introduce the V = XY Z notation.
One can directly check that for constant κ the above and the following formulas provide the desired
rotating solution to the (1)–(3) hydrodynamical equations:
v′ (r, t) =

X˙
X r
′
x + g
X
Z r
′
z
Y˙
Y r
′
y
Z˙
Z r
′
z − g ZX r′z
 , (8)
ϑ˙ (t) = g (t) =
ω0
2
(
X0 + Z0
X + Z
)2
, (9)
n = n0
V0
V
V (s) , (10)
T = T0
(
V0
V
) 1
κ
T (s) , (11)
V (s) = 1T (s)e
− 12
∫ s
0
ds′
T (s′) . (12)
(13)
For non-constant κ, the above formulas can be modified to form a valid solution. A solution is found
with spatially homogeneous T and Gaussian-like n as
n = n0
V0
V
e−s/2, (14)
T ≡ T (t) , V0
V
= exp
{∫ T
T0
dβ
(
dκ
dβ
+
κ
β
)}
. (15)
Furthermore, the time development of the X, Y , Z principal axes (and thus that of ϑ˙ and g is governed
by a Lagrangian for a point-like particle of mass m0, which we write up only in the κ = const , T ≡ T (t)
case:
L =
m0
2
(
X˙2 + Y˙ 2 + Z˙2
)
− 1
κ
(
T
T0
)
−m0ω2R20, (16)
where we introduced another simplifying notation: the „average” radius of the ellipsoid R, and the
„average” angular velocity ω (t) as
R ≡ X + Z
2
, R0 ≡ X0 + Z0
2
, ω (t) ≡ ω0R
2
0
R2
. (17)
Note that the velocity profile is written up in the co-rotating K ′ frame. The free parameter ω0 is related
to the total angular momentum My of the flow (which points in the y direction); for example, in the
V (s) = e−s/2 Gaussian case
My = 2M0R
2
0ω0, (18)
M0 = m0 (2pi)
3/2
V0n0. (19)
The solution thus specified is a natural generalization of the earlier results for three dimensionally
expanding, non-rotating triaxial ellipsoids [12, 14] (indeed, our formulation resembles very much to those
ones), and in the spheroidal limit (X = Z) it reproduces the exact solutions presented in Refs. [9, 13]
for rotating and exploding fireballs with spheroidal symmetry.
3
3 Observables from the new solution
One can calculate the hadronic observables from the above solution by specifying the emission function
(source function) and a suitable freeze-out condition. Following Ref. [12], for simplicity (and because
the solution for arbitrary κ (T ) is then available), we take a Gaussian ansatz for the density profile (thus
the temperature is spatially homogeneous), as well as take the freeze-out to happen at a constant time
tf (which in this case corresponds to a given Tf freeze-out temperature). We assume that at the freeze-
out, particles with mass m are created. The source function is then taken to be the non-relativistic
Boltzmann distribution for a particle with mass m:
S (r,p) =
n (tf , r)
(2pimTf )
3/2
exp
{
− (p−mv (tf , r))
2
2mT (tf )
}
. (20)
In the following, the f index means the value taken at the freeze-out time tf , but it is mostly dropped:
all quantities are to be understood as their value at tf . The single-particle spectrum and the two-particle
Bose-Einstein correlation function are calculated as
N1 (p) =
∫
d3rS (r,p) , (21)
C (K,q) = 1 + λ
∣∣∣S˜ (K,q)∣∣∣2∣∣∣S˜ (K,0)∣∣∣2 , (22)
where K and q are the average pair momentum and the relative momentum, respectively, and λ is the
effective intercept parameter of the correlation function. For the mentioned Gaussian density case, all
the integrals can be performed analytically, yielding simple results. We introduce the following quantities
for convenience:
T ∗xx = Tf +m(X˙
2 + ω2R2), (23)
T ∗zz = Tf +m(Z˙
2 + ω2R2), (24)
T ∗xz = mωR
(
X˙ − Z˙
)
. (25)
Note that these definitions can be straightforwardly specialized to the case when the two principal axes
X and Z are equal (X = Z = R), and thus one deals with the expansion of a rotating spheroid.
The single particle spectrum can be then written as
dn
d3p
∝ exp
(
− p
2
x
2mTx
− p
2
y
2mTy
− p
2
z
2mTz
− βxz
m
pxpz
)
=
= exp
(
− p
′2
x
2mT ′x
− p
′2
y
2mT ′y
− p
′2
z
2mT ′z
− β
′
xz
m
p′xp
′
z
)
, (26)
where Tx, Ty, Tz, and βxz, as well as T ′x, T ′y, T ′z and β′xz characterize the slope parameters (and the
cross-terms) in the K (laboratory) frame and the K ′ frame (the eigen-frame of the rotated ellipsoid),
respectively. The expression of these parameters are given as
T ′x = T
∗
xx −
T ∗2xz
T ∗zz
, (27)
T ′z = T
∗
zz −
T ∗2xz
T ∗xx
, (28)
β′xz =
T ∗xz
T ∗xxT ∗zz − T ∗2xz
, (29)
4
1Tx
=
cos2 ϑ
T ′x
+
sin2 ϑ
T ′z
+ β′xz sin (2ϑ) , (30)
1
Tz
=
sin2 ϑ
T ′x
+
cos2 ϑ
T ′z
− β′xz sin (2ϑ) , (31)
βxz =
sin (2ϑ)
2
(
1
T ′z
− 1
T ′x
)
+ β′xz cos (2ϑ) , (32)
T ′y = Ty = T +mY˙
2. (33)
We see that the formulas relating the parameters in the K and K ′ frames are simply the ones describing
a rotation by a fixed θ angle (the value of the tilt angle at freeze-out). The fact that a cross term
(ie. nonzero β′xz) appears (this is a new feature compared to Ref. [12]) signals that the single-particle
spectrum is not diagonal in the K ′ frame: the tilt of the coordinate-space ellipsoid is not the same as
that of the ellipsoid determined from the single-particle spectrum.
The expression of the azimuthal angle-averaged pT spectrum and the anisotropy (vn) parameters
follow the footsteps of Ref. [12]: one can introduce the scaling variables v and w and the effective
temperature Teff as
v ≡ −βxz
m
pzpT , w ≡ p
2
T
4m
(
1
Ty
− 1
Tx
)
,
1
Teff
=
1
2
(
1
Ty
+
1
Tx
)
. (34)
Using the In ≡ In (w) = 1pi
∫ pi
0
cos (nϕ) ew cosϕdϕ modified Bessel functions of w, up to second order
in v (and thus in the y rapidity) one has
E
dn
d3p
=
1
2pipT
dn
dpTdy
{
1 + 2
∞∑
n=1
vn cos [n (ϕ−Ψn)]
}
⇒, (35)
1
2pipT
dn
dpTdy
∝ exp
{
− p
2
z
2mTz
− p
2
T
2mTeff
}
×
[
I0 (w) +
I0 (w) + I1 (w)
4
v2
]
, (36)
v1 =
v
2
I0 (w) + I1 (w)
I0 (w)
, (37)
v2 =
I1 (w)
I0 (w)
+
v2
8
[
1 +
I2 (w)
I0 (w)
− 2I
2
1 (w)
I20 (w)
]
, (38)
v3 =
v
2
I1 (w) + I2 (w)
I0 (w)
. (39)
Here ϕ denotes the azimuthal angle, Ψn is the nth order event plane (in our model, all the event planes
coincide, ie. fluctuation effects are not taken into account). Fig. 1 presents the characteristic rapidity
dependence of v1, v2 and v3. The two-particle Bose-Einstein correlation also turns out to be a Gaussian,
and can either be expressed in terms of the q′ of the q relative momentum (in the K and K ′ frames,
respectively), or using the Bertsch-Pratt parametrization. Simple calculation yields
C (K,q) = 1 + λ exp
−∑
ij
q′iq
′
jR
′2
ij
 = 1 + λ exp
−∑
ij
qiqjR
2
ij
 , (40)
R′2x = X
2Tf
T ′x
, (41)
R′2z = Z
2Tf
T ′z
, (42)
R′2xz = XZTfβ
′
xz, (43)
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Figure 1: Dependence of the azimuthal anisotropy parameters v1, v2 and v3 on rapidity y, for a
reasonable choice of the freeze-out parameters (namely: ϑf = pi/5, β
′
xz = 5 ·10−4 1/MeV, pT = 300
MeV/c, m = 140 MeV, Tx = 270 MeV, Ty = 170 MeV, Tz = 600 MeV). The dependence of v1 and
v3 is characteristic to a system tilted by some ϑf angle.
where we utilized the already calculated values of the T ′x, T ′z, β′xz slope parameters. These radii are
valid in the K ′ frame; transformation into the K frame (lab frame) is straightforward:
R2x = R
′2
x cos
2 ϑ+R′2z sin
2 ϑ+R′2xz sin (2ϑ) , (44)
R2z = R
′2
x sin
2 ϑ+R′2z cos
2 ϑ−R′2xz sin (2ϑ) , (45)
R2xz =
sin (2ϑ)
2
(
R′2x −R′2z
)
+ cos (2ϑ)R′2xz. (46)
The y direction, as before, is much simpler:
R′2y = R
2
y = Y
2Tf
Ty
. (47)
Customarily introducing the o, s, l (out, side, long) Bertsch-Pratt components of q in the longitudinally
co-moving system (LCMS), one has
C (K,q) = 1 + λ exp
− ∑
a,b=o,s,l
qaqbR
2
ab
 , (48)
and the radii as functions of the pair momentum azimuthal angle ϕ are
R′2oo ≡ R2o = R2x cos2 ϕ+R2y sin2 ϕ,
R′2ss ≡ R2s = R2x sin2 ϕ+R2y cos2 ϕ,
R′2ll ≡ R2l = R2z,
R′2os =
(
R2y −R2x
)
sinϕ cosϕ,
R′2ol = R
2
xz cosϕ,
R′2sl = R
2
xz sinϕ.
(49)
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Figure 2: ϕ dependence of the Bertsch-Pratt radii for a reasonable choice of the freeze-out parame-
ters (namely: ϑf = pi/5, R
′2
x = 25 fm
2, R′2y = 16 fm
2, R′2z = 36 fm
2, R′2xz = 5 fm
2). The oscillation
of Rs, Ro and Ros with a pi period is characteristic to an ellipsoid-shaped source. The 2pi period
oscillation of Rol and Rsl are characteristic to a tilted (and rotating) source.
Fig. 2 shows the Bertsch-Pratt radii as a function of pair momentum azimuthal angle. The 2nd order
oscillating (cos2 ϕ, sin2 ϕ containing) BP-radii, also the cross-terms, were recently extensively measured
by the STAR collaboration [15], however, as we see, it is not these oscillations that signal rotational
expansion.
4 Discussion and outlook
Most of the formulae of the observables derived here show a very close similarity (even identity) to those
calculated in Ref. [12], where a stationary, but tilted ellipsoidal source was assumed. The universal
scaling of the elliptic flow and other anisotropies (a feature of experimental data that was successfully
explained in terms of the Buda-Lund model [16]) is preserved here, just the scaling variables are expressed
in a bit more involved way, see Eq. (34). The oscillation of the HBT radii characteristic to rotation
also shows up in other models of tilted ellipsoidal sources (just as in Ref. [12]; a simpler model was
introduced earlier in Ref. [17]).
The new result in the present work is two-fold: first, an actual (and in some sense, unique) rotating
and expanding hydrodynamical solution is found which naturally leads to tilted sources from a non-tilted
initial condition (and it can be applied to follow the time-evolution of rotation, for any given κ (T )
EoS). Second, the result for the observables are refined in a way that takes not only the tilt but also the
rotational flow into account.
The most striking consequence of tilted (and also rotating) expansion are seen in the rapidity depen-
dence of the anisotropy parameters (Fig. 1) as well as the directed flow-like (ie. azimuthally 2pi-periodic)
oscillations of the Rsl and Rol HBT radius parameters (the appearance of these cross-terms is purely
due to rotation, see Eq. (49)). A natural proposal is thus to measure these observables to infer the
rotational angle ϑf and possibly the angular velocity. It is worthwhile to mention that to do these
measurements, one needs experimental information on not only the usual (2nd order) reaction plane
7
but also on the first order reaction plane; this may be done precisely by utilizing the y-dependence of
the v1 anisotropy parameter. It is also worth to mention that in the case of models with spheroidal
expansion (that was discussed eg. in Refs. [4, 9]), the „angle of rotation” ϑf becomes ill-defined, so the
experimental signatures of rotation become much harder to be identified.
The detection of rotation has some far-going promises. A softer equation of state (caused eg. by
the presence of a critical endpoint on the QCD phase diagram) would mean that the matter expands
less violently, thus the angle of rotation will be greater. In this manner, measuring the rotation angle as
a function of collision energy can be of great importance in mapping out the critical endpoint and the
location of quark-hadron phase transition. So we look forward to see whether our presented model is
applicable to new collision-energy dependent measurements of HBT radii oscillations as well as rapidity
dependent anisotropy parameters to infer the rotation of the expanding hot and dense matter. It would
lead to new knowledge of the strongly interacting quark-gluon-plasma produced in heavy-ion collisions.
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